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EXISTENCE OF STABLE SOLUTIONS TO {-A)^u = e“ IN WITH 

m > 3 AND N > 2m 

XIA HUANG AND DONG YE 


Abstract. We consider the polyharmonic equation (—A)’"u = e“ in with m > 3 
and N > 2m. We prove the existence of many entire stable solutions. This answer some 
questions raised by Farina and Ferrero in [^. 


1. Introduction 


In this paper, we are interested in the existence of entire stable solutions of the poly- 
harmonic equation 

(1.1) {-A)^u = e“ in R^. 

with m > 3 and N > 2m. 


Definition 1. A solution u to fll.ll) is said stable in Q O R^ if 
f \V{A^^(j))\‘^dx — f > 0 for any (j) e Cff {fl), 


\A 2 (j)fdx— / > 0 for any f e (Q,), 


when m is odd; 
when m is even. 


V Jn Jn 

Moreover, a solution to fll.ip is said stable outside a compact set K if it’s stable in R^\ JO. 
For simplicity, we say also that u is stable if FL = R^. 


For m = 1, Farina [6] showed that (II.Ih has no stable classical solution in R^ for 
1 < < 9. He also proved that any classical solution which is stable outside a compact 
set in R^ verihes e“ G L^(R^), therefore u is provided by the stereographic projection 
thanks to Chen-Li’s classification result in [3], that is, there exist A > 0 and Xq G R^ such 
that 


( 1 . 2 ) 


u(x) = In 


32A2 


(4 -b A^|x — xoP)^ 


for some A > 0. 


Later on. Dancer and Farina [1] showed that (II.ip admits classical entire solutions which 
are stable outside a compact set of R^ if and only if A > 10. 


It is well known that for any m > 1, A > 0 and Xq G R^”^, the function u defined in fll.2l) 
resolves fll.ll) in the conformal dimension R^™, they are the so-called spherical solutions, 
since they are provided by the stereographic projections. 


For m = 2, the stability properties of entire solutions to fll.ll) were studied in many 
works, especially the study for radial solutions is complete. Let u{x) = u{r) be a smooth 
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radial solution to flLlh . then u satisfies the following initial value problem 

r {-Aru = e“, 

(1.3) i n(2fc+i)('o) = 0, V0<A:<m-l, 

[ A^n(O) = Ofc, V 0 < /c < m — 1. 

Here the Laplacian A is seen as Au = (r^~^u'y and are constants in M. Equiv¬ 

alently, let Vk = (—A)^m for 0 < A; < m — 1, the equation fll.3p can be written as a 
system 

N-1 N-1 

(1.4) —v'l. -= Vk+i for 0 < /c < m — 2; and — - 

where nfc(O) = (— 1 )^ 0 ^ and ^^(0) = 0 for any 0 < fc < m — 1. 

Let m = 2, oo = n(0) = 0 (It’s always possible by the scaling u{Xx) + 2m In A). Denote 
by the solution to (11.31) verifying oi = /?, it’s known from [H [5l [H] that: 

• There is no global solutions to (11.3p if A <2. 

• For N > 3, there exists /3o < 0 depending on N such that the solution to (11.3p is 
globally defined, if and only ii 13 < (3o. 

• If A = 3 or 4, any entire solution Ujs is unstable in but stable outside a 
compact set. 

• If 5 < A < 12, then up is stable outside a compact set for every (3 < I3q while 
is unstable outside every compact set. 

• If 5 < A < 12, there exists /3i < /3o such that up is stable in if and only if 

/? < A- 

• If A > 13, M /3 is stable for every /? < /3o- 

Moreover, Dupaigne et al. showed in [S] the examples of non radial stable solutions for 
A^m = e“ in with any A > 5, and Warnault proved in m that no stable (radial or 
not) smooth solution exists for A^n = e“ if A < 4. 

Recently, Farina and Ferrero [7] studied (II.ip for general m > 3, they obtained many 
results about the existence and stability of solutions, especially for the radial solutions. 
More precisely, they proved that 

• For A < 2m, no stable solution (radial or not) exists; 

• For m > 3 odd, if 1 < A < 2m — 1 or m > 1 odd and A = 1, then any radial 
solution is stable outside a compact set; 

• For m > 1 and A = 2m, then the spherical solutions, i.e. solutions given by (II.2p 
are stable outside a compact set. 

• For m > 3 odd, if (—1)^0^ < 0 for same 1 < /c < m — 1, then the radial solution 
is stable outside a compact set; 

• For m > 2 even and 'n(O) = 0, there exists a function $ : —)■ (—cx),0) 

(depending on A) such that the solution to (11.31) is global if and only if Om-i < 
<h(ai,..., 0 ^- 2 )- Moreover, if Um-i < 4)(ai,..., 0 ^- 2 ), then the solution is stable 
outside a compact set; 

It is also worthy to mention that for the conformal or critical dimension A = 2m with 
m > 2, many existence results exist by prescribing the behavior of u at infinity. See 
for m = 2 and see [8] for m > 3. Clearly, these results imply the existence of 
many non radial solutions which are stable outside a compact set. 
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However, in the supercritical dimensions N > 2m with m > 3, less is known for the 
stable solutions. Farina and Ferrero raised then the question (see for instance Problem 
4.1 (hi) in 0) about the existence of stable solutions. In this work, we will provide rich 
examples of stable solutions. First we consider radial solutions to fll.3p and show that the 
solution is stable if we allow a^-i to be negative enough. 

Theorem 1.1. Let m > 2 and N > 2m. Given any {ak)o<k<m- 2 , there exists ^ G M such 
that the solution to equation (II.3p is stable in for any am-i < (3. 

Furthermore, given any N > 2m, we prove the existence of non radial stable solution 
to (II.ip and the existence of stable radial solutions for the following borderline situations, 
see Theorem 13.11 and Corollary 13.41 below. 

(i) N > 2m, m > 3 is odd, and (—l)*^afc > 0 for any 1 < k < m — 1; 

(ii) N > 2m, m > 4 is even, n(0) = 0 and am-i = *h(ai,..., am- 2 )', 

The existence of stable radial solutions on the borderline for m > 4 even in arbitrary 
supercritical dimension is a new phenomenon comparing to m = 2, where the borderline 
solutions are not stable out of any compact set if 5 < < 12. 

It will be interesting to know if all radial solutions are stable in high dimensions as for 
m = 2 and N > 13. We are not able to answer this question, but we can prove that for 
m > 3 odd, and a wide class of initial data (a^), the corresponding radial solutions are 
effectively always stable in large dimensions. 

Theorem 1.2. Let m > 3 be odd, then there exists Nq depending only on m such that for 
any N > Nq, the radial solution to fll.3p with < 0 for 1 < k < m — 1 is stable in . 

The following Hardy inequalities will play an important role in our study of stability, 

see Theorem 3.3 in [10]. Let m>2 and N > 2m. If m is odd, then 

\N,m f -r^dx < [ \V{A^if)\'^dx for any v? e C'^(M^), 

where 

m— 1 

(1.5) := f[iN-At- 2f{N + 4z - 2f. 

16 2 

2=1 

If m is even, then 

hN,m [ r^dx < [ \A'^cp\'^dx for any ip G (^“(M^), 

pI Jr^ 

where 

m —2 

(1.6) pN,m ■=^f]{N + - 4z - 4)2. 

16 2 

2=0 

We will also use the following well-known comparison result (see for instance Proposition 
13.2 in [7]) 

Lemma 1.3. Letu,v G C'2"*([0,/?)) be two radial functions such that A'^u—e^ > A™n—e'“ 
in [0, R) and 

(1.7) 


AT(0) > AT(0). (AT)'(O) > (AT)'(O). V 0 < i < 171 - 1. 
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Then for any r G [0, i?) we have 

A^u{r) > A^v{r), for all 0 < k < m — 1. 

2. A FIRST EXISTENCE RESULT 

Here we prove Theorem 11.11 We will consider radial solutions to the initial value 
problem (ll.3j) . Denote 

k 

(2.1) Ck = = JJ 2i{N - 2 + 2i) for any k>l. 

i=l 

Case 1: m > 3 is odd. 

Fix A^r(O) = Ufc for 0 < /c < m — 2. Consider the solution to fll.3p associated to 
the initial values 0 < A; < m — 1. We know that the solution is globally dehned in 
for any (ofc), see [7]. Clearly, the polynomial 

T(r) = Oo + ^ given by (12.1 p 

verihes = 0 in and A^\k(0) = for all 0 < /c < m — 1. 

As A™'(R(a^) — T) = —< 0, it’s easy to check that R(aj,)(r) < T(r) for any r > 0. 
We claim that: is stable when a^-i is small enough. In fact, we need only to get 

the following estimate: 

(2.2) in R^, 
where \N,m > 0 is given by (11.5p . Let 

Oo + + 2mlnr — In Avm • 

l<k<m-2 J 

Obviously hmr^.+oo h{r) = 0 and lim^_j.o h{r) = —oo. So Hq = sup(o,oo) h{r) < oo exists 
and (12.2p holds if —am-i > Ho- We conclude that if Om-i < —Hq, 

[ IV(A^“(/))pdx — f e^‘-°'k)(j)^dx > f \'V{A^~(j))\‘^dx — ( e^cjf^dx 

> f |V(A"^0)|^dx - Av,m / > 0, 

Jm Jm fI 

i.e. U(^ak) is stable in R^. 

Case 2: m is even. 

Let A^r(O) = Ok for 0<A:<m — 2be hxed. We can check that the scaling m(Ax) + 
2m In A does not affect the stability of the solution, so we can assume that oq = 0 without 
loss of generality. By Theorem 2.2 in [7], the solution to (11.41) is global if and only if 
am-i < f^o = ^{ak)- For any a^-i < /5o, consider 

{am-i - Poy^-^ 


h{r) = c™_ir2-2- 


= u^r) + 


^m—1 
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then A^ll/ = = e“^o > . Using Lemma II.31 we have n(a^) < \I/ in as 

A^\l/( 0 ) = A^n(aj,)( 0 ) for any 0 <A;<m — 1 . As above, if there holds 


(2.3) 


g“/3oe 


^ ^N,m 

y^‘^TTl 


in 




1 


with HN,ra given by fll.bp . then Ui^a^) is stable in Let 


g{r) 


= Cm-ir 


2 —2m 


U 0 ,(r) - In 


f^N,m 

rp2m 


~ Po- 


By 0 . the borderline entire solution u^g(r) = as r —)■ oo. So linv_).+oo 9 '(f) = 

—/3o, linu._j.o 5 '(r) = —oo, and fl2.3p holds if we take —Om-i > sup^Q g^^^f. ■ 


3. More stable solutions 

Here we will prove for N > 2m the existence of stable radial solution to (ll.3p for the 
borderline cases but also the existence of non radial stable solutions to dH]). We begin 
with the case with m odd. 


Theorem 3.1. For m > 3 be odd and N > 2m, then there exists entire stable solution u 
of fll.3p satisfying sign{ak) = (—1)^ for all 0 < k < m — 1. 


Proof. Consider u^, solution of fll.3p with the initial conditions Ok = for 0 < k < 

m — 3; am -2 = —fd with /3 > 0 and Om-i = S- Here e G (0,1] is a small parameter, for 
simplicity, we will omit the exponent £ in the following. Let 

^(r) :=- + eH{r), 

^m —2 


where 


m—3 

H{r) := 1 + ^ 


- 1 )‘ 


r^k 


k=l 




^m —1 


with Cfc given by fl 2 .ip . 


Therefore (—A)™!!/ = 0 and A^\l/(0) = A^n(O) for any 0 < k < m — 1. Denote also 


m—3 2k 
Ch 

1 _ 1 ^ 


j,2m—2 


Cm —1 


As we have 

n < T <-+ £iL+(r) in [0,cxo), 

Cm —2 

there holds u{r) < eH^{l) in [0,1]. Denote 70 := e^+'d) and consider n := n — T + 

Then A™'!; = A™'?/ + 70 = —e“ + 70 > 0 for any £ < 1 and r G [0,1]. Since A^n(O) = 0 for 
any 0 < A; < m — 1, we get n > 0 in [0,1], hence 

u{r) > eH{r) -^_^ 2 m -4 _ 70_^2m 

Cm —2 ^m 

fd 

Cm 


> -//+(!) 


Cm —2 


: ^ 0 , Vr G [0,1], £ < 1. 
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Inversely, consider w := u — in [0,1], there holds A'^w = — e“ < 0 in [0,1]. 

By the lemma 11.31 we have then A^w{r) < 0 in [0,1] for any 0 < A: < m, so that for 

re [0,1], 

2 2 4 

A'^~^u{r) < e — , A™'“^n(r) < —j3 + e— -e^°- 

^ ^ - 2A’ V ; - Y 2Ar 8iV(iV + 2) 


Moreover, as A”^ is decreasing, we have A"* ^u{r) < A™' ^ti(l) < e — in (l,cxo). 
Consequently, for r > 1, 

pr pp 

\m—2 


A^-^u{r) = A"*-"m(1) + / p 


l—N I 


e 


D ?0 


P 


<-/5 + XT7 


1-N 


2N 8N{N + 2) 

J.2 

= + " 2 iV ■ 


1 1 
+ 


'0 L 


_8A(A + 2) 2A2 


, f„min(l,s)2' 

^N-l 

2N \ 


(P ^ 

\ N + 2'^ 

1-1 


— + 


D ?0 


m{N - 2) 


+ £ 


D ?0 


1 


D ?0 


„2-N 


Am j m{m-A) 


Combining the above estimates, we conclude that if 0 < e < £i := min(l, 


d 5 o 


A™ ^u{r) < —jS H-— =: h(/5) for any r e [0, oo). 


2N 

This yields then for £ < ei, by Young’s inequality, 

( _I'jfe „ 2 m—4 

u(r) < e + s ^ 2 ^^ -|- 

, ^m —2 

k=l 


Cl + h(/3) 


„ 2 m—4 


Cm—2 


-, V r > 0. 


As hm^_j.oo h(/3) = —oo, there exists /3i large such that u{r) < In Aat^^ — 2 mlnr in (0, oo) 
if /3 > /5i. This means that u is stable for any 0 < e < ei and (3 > j3i. ■ 

Our next result is inspired by [5], where we construct some stable solutions to (11.Ih by 
super-sub solution method. 


Theorem 3.2. For any m >2 and N > 2m, let P{x) be a polynomial verifying 

Pix^ 

lim ;;—j—r = OO and deg(P) < 2m — 2. 

|a;|—>-cxD In |x| 

Then there exists Cp G M such that for any C > Cp, we have a solution u of (II.ip 
verifying 

—P{x) — C < u{x) < —P{x) — C -I- (1 -I- in M^. 

Consequently, there exists Cp G M such that the above solution u is stable in for any 
C > Cp. 

Remark 3.3. We do not know if the assumption lim|j,|_j.oo = cxo is equivalent or not 
to the apparently weaker condition hm|a,|_,.oo P{x) = oo. 

Proof. We are looking for a solution u of the form u{x) = —P{x) — C + z(x) with 
(3.4) {-A)^z{x) = e-m)-c+z{x) _ 0{\x\^^-^) as |x| ^ cx). 
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Equivalently, we will resolve the following system: 

{ — Az = {N — 2m){2m — 2)vi in 

— Avk = {N — 2m + 2k)(2m — 2k — 2)vk+i in 1 < k < m — 2 
— Avm-i = in . 

Here 

^ m—1 

— = JJ 2i{N-2i-2). 

^ i=i 

Set Wj := (1 + \x\'^y~^ for j E Z, the straightforward calculations yield that 
-AWj = {N- 2j){2] - 2)Wj-i + {N - 2j){N - 2j + 2)1E,_2 for any j e Z. 
Therefore, for 2 < j < y, we have —AWj > {N — 2j){2j — 2)iyj_i. 

Let N > 2m, 

Z{x) := Wm{x) > 0, 14 := Wm-k{x) >0 for 1 < < m — 1. 

So —AZ > [N—2m){2m—2)Vi, —AI 4 > (A—2m+2h)(2m—2/c—2)14+i for 1 < k < m—2 
and 

-AKx_i = N{N - 2)iy_i = N{N - 2)(1 + \x\^)-^-^. 

Consider 

/(x) := —P{x) + ^ ln(l + |xp) + In dm — ln[A(A — 2)] + (1 + \x\^)'^~^, 

by onr assumption on P and m < y, readily max^jv /(x) = Cp < 00 exists. For any 
C > Cp, we have 

-AKn-i > in R^. 

In other words, (Z, 14,..., 14i-i) is a snper-solution in R^ to the system fl3.5p for C > Cp. 

Since the system fl3.5p is cooperative, (0,0,...,0) and (Z, I 4 ,..., 14n-i) form a pair of 
ordered sub and super-solutions, we obtain the existence of a solution to fl3.5p . hence a 
solution of fl3.4p . Moreover, the solution u satishes —P{x) — C < u{x) < —P{x) — C+Z{x) 
in R^. 


To ensure the stability of u, it’s sufficient to choose C such that 


(3.6) 


,,u{x) 


< e 


-P{x)-C+Z{x) 


< e 


-P{x)-C+1 


In,! 


< , , 


m 




where 'yN,m = ^N,m in IH-SP if m is odd and jN,m = k‘N,m given by fll.6p if m is even. Let 
g{x) = 1 — In 77 V,m — P{x) -|- 2m In |x|, clearly Cp = max^ivyio} < cxo exists since 

lim g{x) = lim g{x) = — 00 . 

|a ;|—>-0 |x|—>00 


Therefore, if we take Cp = max(C'p, Cp), u is a stable solution in R^ ii C > Cp. ■ 


An immediate consequence of the above result is 

Corollary 3.4. Fro any m > 3 and N > 2m, there exist non radial stable solutions to 
(EB. Moreover, when m > 4 is even, there are radial stable solutions on the borderline 
hypersurface of existence, i.e. when Um-i = 4>(afe). 
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Proof. Indeed, if P is non radial in Theorem 13.21 the solution u constructed is clearly 
non radial. On the other hand, if P is radial, as our super and sub-solutions are radial, 
we can work in the subclass of radial functions to get a radial solution u. So for m > 4 
even, if we consider polynomials P{r) = with bj > 0 and 1 < j < m — 2, we 

obtain radial stable solutions u satisfying u{r) = at inhnity. By [7], such radial 

solutions must be on the borderline hypersurface ttm-i = ^{ak). ■ 


Remark 3.5. For m > 3 odd, if we take P{x) = P{r) = bir'^ with bi > 0, the radial 
stable solutions obtained verify that {—A)^u{0) > 0 , i.e. sign(afc) = (—1)^, since otherwise 
u{r) < —Cr^ at inhnity, see [7]. The solutions obtained in the proof of Theorem 13.11 are 
different, because they satisfy lim^^oo < 0 . 

Our proof of Theorem 11.21 is based on the following estimate. 

Lemma 3.6. Let ^ be a radial function in Suppose that > r^g{r) with i > —1 

and g nonincreasing in r, then 

f(r) > H- gir), V r > 0. 

^^ {N + i){e + 2y^ 

In fact, we have 

pr pr ^+1 

(3.7) i'{r)>r^-^ j g{s)s^-^sys > r^-^g{r) j s^^^-^ds = ^ ^ y {r)- 

Integrating again, we get 

i-\-2 

Proof of Theorem 11.21 Let m be odd and u be the solution to (II. 3p with < 0, 1 < /c < 
m — 1. 


Let Wk = A’^u, k = 1 ,..., m — 1. As A™ ^wi = —e“ < 0 and A^tci(O) = Ok+i < 0 for 
all 0 < /c < m — 2, we get tci < 0 in hence u is decreasing in r. By Lemma [3.61 as 
-Awm-i = e“. 


so we have 


> -a„_i(0) + Ae'-M > Ae-fr), 


-Awm- 2 {r) = -Wm-i{r) > V r > 0. 


Applying again Lemma [3.61 we obtain 


Wm-2{r) > -am-2 + 


^4 ^4 

_p“h) > _ 


8A(A + 2) -8A(A + 2) 


By induction, for all 1 < /c < m — 1, 


„2k 


Wm-k{r) > any r > 0 , 


fc-i 

Pk{N) = 2’^k\Y[{N + 2e). 

i=0 


where 
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In particular, there holds 


^2m—2 


-Au(r) = —ivi(r) > —-V r > 0. 


Fm-i(iV) 


Using 03.71) . we get 


-u'(r) > 


^2m—1 


Therefore 


hence 


^-u(r) ^ ^-u(0) 


(JV + 2m — 2)Pm-i{N) 

rr „2m—1 


Vr>0. 


^2m 


> + 


ds > 


lo {N + 2m- 2)P^_i(lV) - PUN) ’ 


M^) < 


Pm{N) 


— j>2m 


for any r > 0. 


As polynomial in N, deg{Pm) = m while deg(AAr,m) = 2m, so there exists Nq such that 
for N > Nq, PUN) < XN,m, then e“ < he. the solution u is stable in R^. 
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